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NONENCLATURE 

b w i d t h  of beam and p i e z o - a c t u a t o r ,  m 

0 

e 

0 

a 

a 

a 

d e l e c t r i c  c h a r g e  c o n s t a n t  of p i e z o - a c t u a t o r ,  m/v 

D d i s t a n c e  t o  n e u t r a l  a x i s  of c o m p o s i t e  beam measured from its 
lower  edge ,  m 

Young's modulus of e l a s t i c i t y  of p i e z o - a c t u a t o r  and beam 

r e s p e c t i v e l y ,  N/m 

Young's modulus of e l s t i c i t y  of  e l e m e n t  i of t h e  beam, N/m 

E1,2 

Ei 

2 

2 

F vector of e x t e r n a l  f o r c e s  and  moments 

area moment of i n e r t i a  of ac tua to r  and beam abou t  t h e  

n e u t r a l  a x i s  of t h e  composi te  beam r e s p e c t i v e l y ,  m 

area moment of i n e r t i a  of t h e  e l e m e n t  i, m 

s t i f f n e s s  ma t r ix  of t h e  e l emen t  i 

112 
I 

4 

4 
I i  

Ki 
K o v e r a l l  s t i f f n e s s  m a t r i x  of beam-ac tua tor  sys tem 

l e n g t h  of e l emen t  i 

external moment a c t i n g  on ith node of beam, Nm 

piezo-electr ic  moment g e n e r a t e d  by p iezo - f i lm ,  Nm 

l i  

'e i 

Mf 
N number of e lemen t s  of t h e  beam 

t h i c k n e s s  of p i e z o - a c t u a t o r  and  beam r e s p e c t i v e l y ,  m 182 
t 

U d e f l e c t  i o n  cr i t e r  i o n  

V v o l t a g e  a p p l i e d  a c r o s s  t h e  p i e z o - e l e c t r i c  f i l m ,  v o l t s  

e x t e r n a l  f o r c e  a c t i n g  o n  t h e  i t h  e l emen t  of t h e  beam, N 

t h e  l i n e a r  t r a n s l a t i o n  of node i, m 
'i 

Yi 

G r e e k  L e t t e r s  

6i d e f l e c t i o n  of node i 

6 d e f l e c t i o n  v e c t o r  of a l l  nodes  of t h e  beam, m or rad.  

a 



piezo-elcctr ic strain in piczo-actuator, m/m 

bending stresses i n  piezo-actuator and beam respectively, 
' f 
%,2 

or 

N/mZ 
2 piezo-electric stress i n  actuator, N/m 
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ABSTRACT 

a 

e 

a - -  

This study deals with the utilization of piezo-electric 

actuators in controlling the static deformation of flexible 

beams. 

An optimum design procedure is presented to enable the 

selection of the optimal location, thickness and excitation 

voltage of the piezo-electric actuators in a way that would 

minimize the deflection of the beam to which these actuators are 

bonded. 

Numerical examples are presented to illustrate the 

application of the developed optimization procedure in minimizing 

the structural deformation of beams of different materials when 

subjected to different loading and end conditions using ceramic 

or polymeric piezo-electr ic actuators. 

The obtained results emphasize the importance of the devised 

rational procedure in designing beam-actuator systems with 

a minimal elastic distortions. 

e 

e 
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I NTRODUcTION 

0 

0 

The c o n s t r u c t i o n  a n d  o p e r a t i o n  of l a r g e  s t r u c t u r e s  which are 

extremely f l e x i b l e  have  posed new and c h a l l e n g i n g  problems 

p a r t i c u l a r l y  because t h e s e  s t r u c t u r e s  are  i n t e n d e d  t o  p r o v i d e  

s t ab le  bases f o r  o b s e r v a t i o n s  and communications s u c h  as i n  s p a c e  

s t r u c t u r e s .  With s t r i c t  c o n s t r a i n t s  imposed on t h e  s t r u c t u r a l  

d e f o r m a t i o n s ,  it became e s s e n t i a l  t o  s u p p r e s s  s u c h  d e f o r m a t i o n s  

t o  a minimum t h r o u g h  t h e  use  of act ive c o n t r o l  s y s t e m s  of one 

form or a n o t h e r .  
0 

D i s t i n c t  among t h e  p r e s e n t l y  avai lable  a c t i v e  c o n t r o l  

I s y s t e m s  are  t h o s e  t h a t  r e l y  i n  t h e i r  o p e r a t i o n  on p i e z o - e l e c t r i c  

a c t u a t o r s .  Such s y s t e m s  have proven t o  be exper imenta l ly  

e f f e c t i v e  i n  c o n t r o l l i n g  t h e  v i b r a t i o n s  of s i m p l e  s t r u c t u r a l  

e l e m e n t s  such  as r e c t a n g u l a r  beams 11-21 and h o l l o w  c y l i n d r i c a l  

masts 131. The e f f e c t i v e n e s s  of these  sys t ems  is coupled  also 

w i t h  t h e  l i g h t  we igh t ,  h i g h  f o r c e  and low power consumption 

c a p a b i l i t i e s  of t h e  piezo-electric a c t u a t o r s  11-81. These  

0 f e a t u r e s  r ende red  t h i s  class of a c t u a t o r s  t o  be a n  a t t r ac t ive  

~0 

f 

~0 

c a n d i d a t e  f o r  c o n t r o l l i n g  s t r u c t u r a l  de fo rma t ion .  

The p r e s e n t  s t a t e - o f - t h e - a r t  of t h i s  t y p e  of  a c t u a t o r s  h a s  

been  l i m i t e d  t o  t h e  a n a l y s i s  of t h e i r  c h a r a c t e r i s t i c s  19-111 as  

i i i f i u e n s e d  by t h e i r  g e o m e t r i c a l  of operat ionai  c o n d i t i o n s .  B u t ,  

no a t t e m p t  h a s  been  made towards s e l e c t i n g  t h e i r  op t ima l  

g e o m e t r i c a l  p a r a m e t e r s  or l o c a t i o n  which are b e s t  s u i t e d  f o r  a 

* Numbers between b racke t s  d e s i g n a t e  r e f e r e n c e s  
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p a r t i c u l a r  s t r u c t u r e  s u b j e c t e d  t o  knovn l o a d i n g  c o n d i t i o n s .  Such 

a s y n t h e s i s  p r o c e d u r e  is e s s e n t i a l  t o  t h e  s u c c e s s f u l  i n t e g r a t i o n  

of  t h e  a c t u a t o r s  i n t o  t h e  s t ruc tu re  i n  o r d e r  t o  minimize t h e  

s t r u c t u r a l  d e f o r m a t i o n .  

I t  is t h e r e f o r e ,  t h e  purpose of t h i s  s t u d y  t o  deve lop  a n  

optimum d e s i g n  p r o c e d u r e  t h a t  would enable  t h e  s e l e c t i o n ,  on  

r a t i o n a l  basis,  o f  t h e  optimum d e s i g n  parameters and  l o c a t i o n  of 

p l e z o - e l e c t r  ic ac tua tors  t o  satisfy cer tain s t r u c t u r a l  

d e f o r m a t i o n  r e q u i r e m e n t s .  The procedure  vi11 t a k e  i n t o  accoun t  

t h e  e f f e c t  t h a t  t h e  a c t u a t o r s  have on chang ing  t h e  e las t ic  and  

i n e r t i a l  p r o p e r t i e s  of  t h e  s t r u c t u r e  t o  which t h e y  a re  bonded t o .  

THE PIEPO-ELECTRIC ACTUATOR BEAN SYSTEM 

A. G e n e r a l  Layout  

F i g u r e  (1) shows a general l a y o u t  of a f l e x i b l e  beam ( A )  

whose d e f l e c t i o n  is t o  be c o n t r o l l e d  by a p i e z o - e l e c t r i c  a c t u a t o r  

(B). The beam, under  c o n s i d e r a t i o n ,  c a n  g e n e r a l l y  be made of 

s e v e r a l  s t e p s  wh ich  are n o t  necessar i ly  of t h e  same t h i c k n e s s  or 

t h e  same material .  The i n t e r f a c i a l  nodes between t h e  d i f f e r e n t  

s t e p s  c a n  be s u b j e c t e d  t o  e x t e r n a l  f o r c e s ,  moments or bo th .  

F u r t h e r ,  t h e  d e g r e e s  of freedom of a n y  node c a n  be l i m i t e d  to 

l i n e a r  t r a n s l a t i o n ,  a n g u l a r  r o t a t i o n s  or r e s t r a i n e d  comple t e ly  

depending  on t h e  n a t u r e  of s u p p o r t  a t  t h e  node under 

c o n s i d e r a t i o n .  

I n  t h i s  s t u d y ,  t h e  beam is assumed t o  have r e c t a n g u l a r  c r o s s  

a 
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s e c t i o n  of c o n s t a n t  w i d t h  ( b ) .  The beam is c o n s i d e r e d  t o  d e f l e c t  

i n  t h e  t r a n s v e r s e  d i r e c t i o n  due t o  t h e  f l e x t u r a l  a c t i o n  of t h e  

e x t e r n a l  f o r c e s  and  moments. 

I n  F i g u r e  (l), t h e  p i e z o - e l e c t r i c  a c t u a t o r  B is shown bonded 

t o  t h e  c l e m e n t  i of t h e  f l e x i b l e  beam t o  form a composi te  beam. 

When a n  e l ec t r i c  f i e l d  is a p p l i e d  a c r o s s  t h e  f i l m ,  t h e n  it w i l l  

expand i f  t h e  f i e l d  is, for  example, a l o n g  t h e  p o l a r i z a t i o n  a x i s  

of t h e  f i l m  and  w i l l  c o n t r a c t  i f  t h e  two were o u t  of phase.  The 

e x p a n s i o n  o r  c o n t r a c t i o n  of t h e  f i l m  r e l a t i v e  t o  t h e  beam, by 

v i r t u e  of  t h e  p i e z o - e l e c t r i c  e f f e c t ,  creates l o n g i t u d i n a l  bending  

s t r e s s e s  i n  t h e  composi te  beam which t e n d  t o  bend t h e  beam i n  a 

manner v e r y  s imi l a r  t o  a b i m e t a l l i c  t h e r m o s t a t .  

With p r o p e r  select ion,  placement  and c o n t r o l  -of t h e  

a c t u a t o r ,  it would be p o s s i b l e  t o  generate enough p i e z o - e l e c t r i c  

bending  s t resses  t o  c o u n t e r  b a l a n c e  t h e  e f f e c t  of t h e  e x t e r n a l  

f o r c e s  a n d  moments a c t i n g  on t h e  beam i n  a way t h a t  minimizes  i t s  

s t r u c t u r a l  d e f o r m a t i o n .  

B. Model Of An Actuator-Beam Element 

F i g u r e  ( 2 )  shows a schemat i c  drawing of a p i e z o - f i l m  A 

bonded t o  a n  e l emen t  B of t h e  f l e x i b l e  beam. 

I f  a v o l t a g e  v is a p p l i e d  a c r o s s  t h e  f i l m ,  a p i e z o - e l e c t r i c  

s t r a i n  cf is fntrrjduceC i n  t h e  f i l m  and c a n  be conp.;ted from : 

w h e r e  d is t h e  e lec t r ic  charge  c o n s t a n t  of t h e  f i l m ,  m/v 
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tl is t h e  t h i c k n e s s  of t h e  p i e z o - a c t u a t o r ,  m 

T h i s  s t r a i n  r e s u l t s  I n  a l o n g i t u d i n a l  s tress of g i v e n  by : 

e 
where is t h e  Young's modulus of e l a s t i c i t y  of  t h e  f i l m ,  N/m2 

T h i s ,  

a x i s  of t h e  composi te  beam, g i v e n  by : 

i n  t u r n  g e n e r a t e s  a bending  moment I f f ,  a round  t h e  n e u t r a l  

e 

- ( t l + t 2 - D )  

( 3 )  

w h e r e  t2 is t h e  t h i c k n e s s  of t h e  beam, m 

b is t h e  w i d t h  of t h e  beam and t h e  p i ezo - f i lm ,  m 

I n  e q u a t i o n  ( 3 ) ,  D is t h e  d i s t a n c e  of t h e  n e u t r a l  a x i s  from t h e  

lower edge  of t h e  beam which c a n  be de termined  by c o n s i d e r i n g  t h e  

f o r c e  b a l a n c e  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  X of t h e  beam; or : 

$oldA t $U2dA = 0 
f i l m  beam 

( 4 )  

or 

D 
ydy t E 2 b I  ydy = 0 

-( t  +t - D )  -(h2-D) 1 2  
( 5 )  

where E2 is Young's mndulus of e l a s t i c i t y  of the beam 

E q u a t i o n  ( 5 )  y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  D : 
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e 

e 

E q u a t i o n  ( 2 1 ,  ( 3 )  and  ( 6 )  can be combined t o  determine t h e  

b e n d i n g  moment Plf g e n e r a t e d  by t h e  p i e z o - f i l m  on t h e  composi te  

beam as f o l l o w s  : 

For t h i s  composi te  beam, it can  be e a s i l y  shown 1 1 2 1  t h a t  it 

h a s  a f l e x t u r a l  r i g i d i t y  ( E i I i )  g i v e n  by : 

E i I i  = EIIl t E Z I Z  ( 8 )  

0 

w h e r e  I l  and I are  t h e  area moments of i n e r t i a  of t h e  f i l m  and 

t h e  beam a b o u t  t h e  n e u t r a l  a x i s  r e s p e c t i v e l y .  
2 

e 

L e t  us now assume t h a t  t h e  composi te  beam, shown i n  F i g u r e  

( 2 1 ,  e x t e n d s  a l e n g t h  l i  between two nodes ( i )  and ( i t l ) .  

F u r t h e r ,  it is assumed t h a t  t h e  e x t e r n a l  f o r c e s  Vi and Vi t l  as  

w e l l  as t h e  e x t e r n a l  moments Mei and M e i t l  a re  a c t i n g  on t h e  beam 

a t  nodes  i and it1 r e s p e c t i v e l y .  Then, t h e  r e s u l t i n g  l i nea r  and 

a n g u l a r  d e f o r m a t i o n s  of  t h e  beam yi and 8, as w e l l  a s  yit l  and 

a t  t h e  nodes i and i+l, r e s p e c t i v e l y ,  c a n  be r e l a t e d  t o  t h e  'it1 

0 

0 

* 

d 

l o a d s  a c t i n g  on t h e  e l e m e n t  as f o l l o w s  [131 : 

12 61i 
6 1 i  4 1 i  2 

-12 -61i 
2 1 i  2 

61i 

E q u a t i o n  ( 8 )  c a n  be r e w r i t t e n  a s  : 

-12 

-61i 

1 2  

-61i  

- 
61i 
2 1 i  2 

-61i  
2 % 

Fi = Kib, 



- 8 -  

e 

0 

i 
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* 

where Pi is t h e  r e s u l t a n t  f o r c e s  and moments vector a c t i n g  on 

t h e  beam e l e m e n t  i 

is t h e  s t i f f n e s s  m a t r i x  of t h e  composi te  beam element 

i 

is t h e  d e f l e c t i o n  v e c t o r  of t h e  nodes  bounding t h e  

beam e lemen t  

Ki 

bi 

E q u a t i o n  ( 9 )  c o n s t i t u t e s  t h e  basic f i n i t e  e l e m e n t  model t h a t  

re la tes  t h e  e x t e r n a l  l o a d s  (V and He)  and  p i e z o - e l e c t r i c  moments 

( P I f )  t o  t h e  d e f l e c t i o n s  ( y  and 8 )  of t h e  e l e m e n t  as a f u n c t i o n  of 

its e l a s t i c  and  i n e r t i a l  pa rame te r s .  

The e q u a t i o n  c a n  be e q u a l l y  used f o r  any  e l e m e n t  of t h e  beam 

whether  it has a p i e z o - f i l m  bonded t o  it o r  n o t .  I n  t h e  l a t t e r  

case, PIf is s e t  t o  z e r o  and  f l e x t u r a l  r i g i d i t y  E i I i  is s e t  e q u a l  

t o  t h a t  o f  t h e  f l e x i b l e  beam e lement  under c o n s i d e r a t i o n .  

C .  Model Of The O v e r a l l  Actuator-Beam Syatem 

The fo rce -d i sp lacemen t  character is t ics  of t h e  i n d i v i d u a l  

e l e m e n t s  of t h e  beam-actuator  system, a s  g i v e n  f o r  e l e m e n t  i by 

e q u a t i o n  (91, are combined to de te rmine  t h e  b e h a v i o r  of t h e  

o v e r a l l  s t r u c t u r e .  

The e q u i l i b r i u m  c o n d i t i o n s  of t h e  o v e r a l l  s t r u c t u r e  w i l l  be 

e x p r e s s e d  a s  : 

E x t e r n a l  f o r c e s  and moments F o r c e s  and  moments 
a c t i n g  on t h e  nodes = x a c t i n g  on t h e  e l emen t s  
of t h e  o v e r a l l  sys tem a t  t hese  nodes 

or 
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Nt1 N+l 

* 

e 

F = cFi = K i b i  = K 6  
if1 1=1 

(11.) 

where K is the overall stiffness matrix of the system (2n92n) 

Bathe and Wilson 1141, Yanq 1151 and Fenner 1161, for 

example, show how to generate the overall matrix K from the 

stiffness matrices K i  of the individual elements. 

In equation (111, the external force vector F and the 

displacement vector 6 are given by : 

and 

FT = VI H1 V2 H, .. .. VN+l str I 

where superscript T denotes the transpose of the vector 

D. Solution Algorithm 
e 

e 

( 1 2 )  

For a particular flexible beam configuration, external 

loading conditions and end conditions the effect of applying 

certain voltage V on a piezo-electric actuator of a specific 

thickness t placed at a particular location i on modifying the 

elastic deflection 6 of the beam can be determined by' solving 

equation (11). 

1 

In equation (111, the overall stiffness matrix K is modified 

to account for the end conditions and type of restraints imposed 

on the different nodes. If, for example, a node(j) is simply- 

supported and is therefore restrained in the Y direction, i.e. 

yj=O, then the off diagonal elements of 2 * j  row of the overall 
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0 

e 

e 

stiffness matrix K are set equal to zero together vlth the 

corresponding externally applied force. If the jth node is also 

restrained in its angular motion then 8 = O  and the off diagonal 

elements of the ( 2 * J t 1 )  row of the K matrix are eliminated along 
j 

with the corresponding externally applied moment. 

After such a modification process, the elastic deflection 6 

of the beam can be computed from : 

where K - l  is the inverse of the overall stiffness matrix 

Figure ( 3 )  shows a flowchart of the solution algorithm. 

OPTIXIZATION OF THE ACTUATOR-BEAH 8YBTEH 

The presented analysis algorithm of the actuator-beam 

system is utilized as a basis for the development of the 

optimization procedure for selecting the thickness tl, excitation 

voltage v and location i of the actuator in order to minimize the 

deflection of the beam. 

The optimum design problem is formulated as follows : 

Find thickness tl, voltage v and location i 

t' = c (Yi2 + oi2)  
N??. 

i=l 
to Minimize 

Such that vi = v 

Mei  = ei 
V/tl< v 

* 
i=1 ,2 ,  ..., Nt1 
i=1,2, ..., Nt1 

i * 
* 



G 
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INPUT 
No. of  e l emen t s  o f  beam N 

Young's nodulus  of  e l e m e n t  E 
Moment of i n e r t i a l  of e lemen t  f i  

Element l e n g t h  1, 

1 

INPUT 
E x t e r n a l  f o r c e s  on e l e m e n t s  VI 

E x t e r n a l  moments on e l e m e n t s  Mei 

t 

4 
INPUT 

Res t r a in t s  on  e a c h  node 

INPUT 
P r o p e r t i e s  of a c t u a t o r  

Young's Modulus E 
Charqe c o n s t a n t  4 

INPUT 
A c t u a t o r ' s  t h i c k n e s s  tl 

Applied v o l t a g e  v 
Loca t ion  i 

a 

COMPUTE 
I n d i v i d u a l  s t i f f n e s s  m a t r i x  

a n d  
O v e r a l l  s t i f f n e s s  m a t r i x  

E x t e r n a l  moment vector by 

MODIFY 
The s t i f f n e s s  m a t r i x  t o  
accoun t  f o r  r e s t r a i n t s  

The d e f l e c t i o n  of 
nodes [Eq.(14)1 

F i g u r e  ( 3 )  - Flowchart  of t h e  a n a l y s i s  a l g o r i t h m  



e 

i 

- 12 - 

e Such a formulation results in a nonlinear optimization 

0 

i 

problem in 3 design variables tl, v and i which is subjected to 

five inequality constraints. The first inequality constraint 

guards against the application of a high voltage across the 

actuator that may result in its depolirization. The second 

inequality constraint limits the stresses in the piezo-film 

within the acceptable safe limits defined by the allowable stress 

a*. 

The fact that the actuator location is integer makes the 

Optimization problem of the Mixed-Integer Programming ( H I P )  type. 
e 

e 
A linearization algorithm is used to reduce the problem to a 

series of successive Linear Programs 1171 that are then optimized 

using the Branch and Bound method 118-191 to search for the 

optimal parameters. 

e 
Figure (4) shows a block diagram of the optimization 

algor i the. 

NUKERICAL EXAMPLES 

a The developed optimization procedure is used to optimally 

select, place and control the action of a single piezo-electric 

actuator bonded to a three-element straight beam that is 0.0125m 

wide, 0.0021m thick and 0.15m long. The effect of varying the 



a 

7 

e 

CALL 
The A n a l y s i s  A l g o r i t h m  

0 

a 

0 

0 

P 

I I 
I Linearize the  Prob lem 

around ( t l ,  v, i ) J  I 
I 

Use Branch and  Bound 
a&gorAthm t o , F i n d  

t # v a n d  i that  4 opt i rn izh  t h e  l i n e a r i z e d  prob lem 

. 

Figure  ( 4 )  - Flowchart of t h e  o p t i m i z a t i o n  a l q o r i t h m  
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beam loading and end conditions as well as beam and actuator 

materials on the optimal configuration of the system is 

considered in great details. 

* 

e A. Bffcct Of Loading Condition8 

J i )  Transverse Load 

A steel cantilever beam is considered by fixing node 4 of 

the three element beam shown i n  Figure ( 5 ) .  A load of 0.1N its 

applied t o  the beam at node 1 perpendicular to its longitudinal 

8 axis. 

Table (1 )  - Properties of piezo-electric actuators 

a 

If one P2T ceramic actuator, whose properties are given in 

Table (11, is to be used to control the beam deflection, then 

this actuator can be placed at element 1, 2 or 3 .  The effect of a 
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t h e s e  t h r e e  placement  s t r a t e g i e s  on  t h e  sum o f  t h e  d e f l e c t i o n  

s q u a r e d  c r i t e r i o n  of  t h e  beam is shown i n  F igures  (6 -a ) ,  (6 -b )  

and  ( 6 - c )  r e s p e c t i v e l y .  The f i g u r e s  d i s p l a y  t h e  i so -con tour  maps 

of t h e  d e f l e c t i o n  c r i t e r i o n  drawn i n  t h e  a p p l i e d  v o l t a g e  v, 

a c t u a t o r  t h i c k n e s s  tl p lane  w i t h  t h e  a c t u a t o r  t h i c k n e s s  

n o r m a l i z e d  w i t h  r e s p e c t  t o  t h e  beam t h i c k n e s s ,  t2. 

F i g u r e  ( 6 - a )  i n d i c a t e s  t h a t  i f  t h e  a c t u a t o r  is p laced  a t  

e l e m e n t  1, t h e  d e f l e c t i o n  c r i t e r i o n  a t t a i n s  a minimum v a l u e  of 

0 . 3 4 6 ~ 1 0 - ~  when t h e  a p p l i e d  v o l t a g e  is l20v  and t h e  a c t u a t o r  

t h i c k n e s s  tl is 0.00021m o r  t l / t2=0.1 .  T h i s  v a l u e  of  t h e  

d e f l e c t i o n  c r i t e r i o n  c a n  be reduced f u r t h e r  t o  0 . 0 9 9 5 ~ 1 0 - ~  when 

16. 

I a n  optimal a c t u a t o r ,  t h a t  h a s  a t h i c k n e s s  of  0.00425m 

( t l / t 2 P 0 . 4 1 #  is p l a c e d  a t  element 2 a n d  t h e  a p p l i e d  v o l t a g e  is 

c o n t r o l l e d  a t  120  v o l t s  as can be s e e n  from F i g u r e  (6-b) .  /. 
A g l o b a l  minimum of t h e  d e f l e c t i o n  c r i t e r i o n  is o b t a i n e d  

when t h e  a c t u a t o r  is p l a c e d  a t  e l emen t  3. The optimum p o i n t  is 
I 
I c o n s t r a i n e d  as it l i e s  o n  t h e  maximum a p p l i e d  v o l t a g e / u n i t  

t h i c k n e s s  c o n s t r a i n t .  The optimum t h i c k n e s s  of t h e  a c t u a t o r  is 

0.0001051m8 or t l / t2=0.05 ,  and t h e  a p p l i e d  v o l t a g e  is a d j u s t e d  a t  

8 0  v o l t s  as shown i n  F i g u r e  (6-c). 

A summary of t h e  o p t i m a l  parameters of t h e  a c t u a t o r  is g iven  

i n  Table  ( 2 )  as  a f u n c t i o n  of t h e  a c t u a t o r  l o c a t i o n .  The t a b l e  

i n c l u d e s  a l s o  t h e  r a t i o  between t h e  d e f l e c t i o n  c r i t e r i o n  of t h e  

o p t i m a l l y  c o n t r o l l e d  beam t o  t h a t  of t h e  u n c o n t r o l l e d  beam which 

i s  s u b f e c t e d  t o  t h e  same l o a d i n g  and end  c o n d i t i o n s .  This r a t i o  

serves  as a measure of t h e  e f f e c t i v e n e s s  of t h e  p i e z o - a c t u a t o r  i n  
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a. 
Figure ( 6 )  - Iso-contours of the deflection criterion of a 

steel cantilever beam controlled with a PZT 
actuator when subjected to an external end load. 
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c o n t r o l l i n g  t h e  e l a s t i c  d e f o r m a t i o n  of t h e  beam. 

a 

a 

e 

a 

a 

a 

T a b l e  ( 2 )  i n d i c a t e s  t h a t  t h e  r a t i o  of t h e  d e f l e c t i o n  

c r i t e r i a  is 1.72 ,  6 .03 and 1 7 . 4 4  when t h e  a c t u a t o r  is bonded t o  

e l e m e n t s  1, 2 and 3 r e s p e c t i v e l y .  

Accord ing ly ,  t h e  proper  placement of t h e  p i e z o - a c t u a t o r  

a l o n g  t h e  beam is very c r i t i c a l  i n  c o n t r o l l i n g  t h e  e las t ic  

d e f l e c t i o n  of  t h e  beam. With t h e  a c t u a t o r  p l a c e d  a t  e lement  3, it 

would be p o s s i b l e  t o  have a n  o p t i m a l l y  c o n t r o l l e d  beam t h a t  is 

1 7 . 4 4  times less d i s t o r t e d  t h a n  t h e  u n c o n t r o l l e d  beam. 

I n  order t o  g a i n  a n  i n s i g h t  i n t o  t h e  e f f e c t  t h a t  t h e  

a c t u a t o r  l o c a t i o n  h a s  on t h e  d e f l e c t i o n  c h a r a c t e r i s t i c s  of t h e  

beam, l e t  us c o n s i d e r  t h e  p r o f i l e s  of t h e  d i f f e r e n t  e l a s t i c  l i n e s  

o b t a i n e d  by - t h e  op t imized  a c t u a t o r s .  T h e - l i n e a r  and  a n g u l a r  

e l a s t i c  d e f o r m a t i o n  are shown i n  F i g u r e s  ( 7 . a )  and  (7-b) 

r e s p e c t i v e l y  f o r  b o t h  t h e  u n c o n t r o l l e d  and o p t i m a l l y  c o n t r o l l e d  

beams. I t  is e v i d e n t  f rom t h e  f i g u r e s  t h a t  p l a c i n g  a n  opt imized  

a c t u a t o r  a t  e lement  1 produces  t h e  l e a s t  compensa t ion  f o r  t h e  

e x t e r n a l  l o a d s  and its e f f e c t s  are l i m i t e d  t o  t h e  f i r s t  element 

o n l y .  However, p l a c i n g  t h e  a c t u a t o r  a t  t h e  t h i r d  e lement ,  n e a r  

t h e  f i x e d  end, r e s u l t s  in c o n s i d e r a b l e  improvement t h a t  is n o t  

c o n f i n e d  t o  e lement  3 b u t  is man i fe s t ed  c l e a r l y  a l l  over t h e  

th ree  e l e m e n t s .  

j i i )  An End Bendinq Moment 

I f  t h e  c o n s i d e r e d  c a n t i l e v e r  beam is s u b j e c t e d  t o  a n  

ex te rna l  bending  moment of 0.015Nm a p p l i e d  t o  i t s  f r e e  end, t h e n  

e 
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Figure (7 -a )  - Effect of the placement strategy of a PZT 
actuator on the linear deflection characteristics 
of a steel cantilever beam subjected to an 
,external load. 
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Figure (7-b) - Effect of tne placement strategy of a PZT 
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subjected to an external load. 
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t h e  e f f e c t  of placement  of t h e  a c t u a t o r  a t  e l e m e n t  1, 2 or 3 on  

* 

0 

a 

e 

e 

t h e  d e f l e c t i o n  c r i t e r i o n  is as shown i n  t h e  i a o - c o n t o u r  maps of 

F i g u r e  ( 8 - a ) ,  ( 8 - b )  and ( 8 - c )  r e s p e c t i v e l y .  

F i g u r e  ( 8 - a )  i n d i c a t e s  t h a t  p l a c i n g  t h e  a c t u a t o r  a t  e l e m e n t  

1 m a k e s  t h e  d e f l e c t i o n  c r i t e r i o n  a t t a i n s  a minimum of 7.05~10-~ 

when t h e  a p p l i e d  v o l t a g e  is 320v and t h e  actuator  t h i c k n e s s  is 

0.00084m. When t h e  a c t u a t o r  is p laced  a t  2 t h e  d e f l e c t i o n  

c r i t e r i o n  assumes a much lower m i n i m u m  v a l u e  of 2.ll~lO-~. T h i s  

m i n i m u m  value is o b t a i n e d  by a n  a c t u a t o r  t h a t  is o n l y  h a l f  as 

t h i c k  which is e x c i t e d  by a much lower v o l t a g e  of o n l y  200 v o l t s  

as compared t o  t h e  320 v o l t s  r e q u i r e d  if t h e  o p t i m a l  a c t u a t o r  is 

p l a c e d  a t  e l emen t  1. 

Accord ing ly ,  t h e  p rope r  placement  of t h e  a c t u a t o r  a l o n g  t h e  

s t r u c t u r e  r e s u l t s  n o t  o n l y  on minimizing t h e  e l a s t i c  d i s t o r t i o n  

of t h e  beam b u t  a l s o  i n  r educ ing  t h e  s i z e  and power consumption 

of  t h e  a c t u a t o r .  

I f  t h e  a c t u a t o r  is p laced ,  however, a t  3, t h e  d e f l e c t i o n  

c r i t e r i o n  s t a r t s  t o  i n c r e a s e  and  even w i t h  a n  op t imized  a c t u a t o r  

t h e  b e s t  s u m  of t h e  d e f l e c t i o n  squa red  t h a t  c o u l d  be o b t a i n e d  is 

2.8~10-~. 

A summary of t h e  optimum pa rame te r s  of t h e  a c t u a t o r  a l o n g  

w i t h  t h e  r e s u l t i n g  improvement as measured w i t h  r e f e r e n c e  t o  t h e  

u n c o n t r o l l e d  beam is g i v e n  i n  Table ( 2 ) .  

The o b t a i n e d  r e su l t s  i n d i c a t e  t h a t  i n  t h e  case of a moment 

a p p l i e d  t o  t h e  end of t h e  c a n t i l e v e r  beam it is found b e n e f i c i a l  
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Figure ( 8 )  - Iso-contours of the deflection criterion of a 
steel cantilever beam controlled with a PZT 
actuator when subjected to an external bending 
moment. 
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to place the piezo-actuator-at clement 2 to achieve the minimum 

distortion. This can also be emphasized by considering the linear 

and angular profiles of the elastic lines shown in Figures (9-a)  

and (9-b) respectively for the controlled and uncontrolled beam. 

It should be pointed out here that the obtained optimal 

location of the actuator in case of an end moment is different 

from that obtained when the load is a transverse load applied to 

the beam end. This is inspite of the fact the load produces the 

same moment at the fixed end of the cantilever beam. 

8 .  Effect Of End Condition8 

Two end conditions, other than the fixed-free condition of 

the cantilever beam, are considered for the three element steel 

beam of -Figure ( 5 ) .  Under these conditions, the beam is subjected 

to same transverse load of 0.1N. 

J i )  Overhunq Beam 

The beam is fixed at node 4 and simply-supported at node 2. 

The load is applied to the beam at its free end. In this case, 

the minimum deflection criterion is obtained when the actuator is 

bonded to element 2. The optimal actuator should have a thickness 

of 0.000336~1 and be subjected to 120 volts. The improvement in 

the deflection criterion with respect to the uncontrolled case is 

8.17 times. 

A summary of the optimal parameters of the actuator is given 

in Table (2) as function of the actuator location. 
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Figure  ( 9 - a )  - E f f e c t  of  the  placement s t r a t e g y  o f  a PZT 
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Figure  (9 -b )  - E f f e c t  of the  placement s t r a t e g y  of a PZT 
ac tuator  on t h e  angular d e f l e c t i o n  
c h a r a c t e r i s t i c s  of a s t e e l  c a n t i l e v e r  beam 
subjec ted  t o  an e x t e r n a l  bending moment. 
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Figures  (10-a)  and (10 -b )  d i s p l a y  t h e  l i n e a r  and a n g u l a r  

d e f o r m a t i o n s  r e s p e c t i v e l y  of t h e  overhung beam w i t h  and  w i t h o u t  

t h e  ac tua tors .  I t  is e v i d e n t ,  from t h e s e  two f i g u r e s ,  t h a t  

p l acemen t  of t h e  a c t u a t o r  at e l e m e n t  2 r e s u l t s  i n  t h e  minimal 

d e f l e c t i o n  p r o f i l e s .  

The t h r e e  element  beam is c o n s i d e r e d  now w i t h  its two end 

nodes  1 a n d  4 a r e  s imply - suppor t ed .  The t r a n s v e r s e  l o a d  is 

a p p l i e d  t o  t h e  beam a t  node 2 .  

The r e s u l t s  of t h e  o p t i m i z a t i o n  procedure ,  summarized i n  

T a b l e  ( 2 3 ,  i n d i c a t e s  t h a t  t h e  optimal d e f l e c t i o n  c o n t r o l  c a n  be 

a c h i e v e d  v h e n  t h e  a c t u a t o r  is p l a c e d  at element 2 .  The r e s u l t i n g  

improvement over  t h e  u n c o n t r o l l e d  beam is 8 .91  t i m e s .  T h i s  

r e q u i r e s  t h e  a c t u a t o r  t o  be 0.00336m t h i c k  and  e x c i t e d  by 80 

v o l t s .  

a 

'0 

F i g u r e s  ( l l - a )  and ( l l - b )  show t h e  co r re spond ing  l i n e a r  and 

a n g u l a r  d e f o r m a t i o n s  r e s p e c t i v e l y  of t h e  c o n t r o l l e d  and 

u n c o n t r o l l e d  beam. The f i g u r e s  i l l u s t r a t e  c l e a r l y  t h e  

e f f e c t i v e n e s s  of t h e  optimal a c t u a t o r  2 i n  compensat ing f o r  t h e  

e x t e r n a l l y  a p p l i e d  load .  

C .  Effect Of Beam M a t e r i a l  

The e f f e c t  of changing t h e  beam material from s t e e l  t o  

aluminum is cons ide red  for the case of a s imply-suppor ted  beam 

w i t h  a t r a n s v e r s e  load  of 0.1N a p p l i e d  a t  node 2 .  
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Figure  ( 1 0 - a )  - E f f e c t  of the  placement s t r a t e g y  of  a PZT 
a c t u a t o r  on the  l i n e a r  d e f l e c t i o n  c h a r a c t e r i s t i c s  
o f  a s t e e l  overhung beam. 
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Figure  ( 1 0 - b )  - E f f e c t  of  t h e  placement s t r a t e g y  o f  a PZT 
a c t u a t o r  on t h e  angular  d e f l e c t i o n  
c h a r a c t e r i s t i c s  of a s t e e l  overhung beam. 
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F i g u r e  ( 1 1 - a )  - E f f e c t  o f  t h e  placement s t r a t e g y  of a PZT 
a c t u a t o r  on t h e  l i n e a r  d e f l e c t i o n  c h a r a c t e r i s t i c s  
of a simply-supported s t e e l  beam. 
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Figure  (11 -b)  - E f f e c t  of t h e  placement s t r a t e g y  of a PZT 
a c t u a t o r  on t h e  angular  d e f l e c t i o n  
c h a r a c t e r i s t i c s  o f  a s imply-supported s t e e l  beam. 
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The o p t i m i z a t i o n  a l g o r i t h m  y i e l d s  r e s u l t s  t h a t  are similar  

t o  t h o s e  o b t a i n e d  f o r  t h e  s t e e l  beam. The optimum l o c a t i o n  of t h e  

a c t u a t o r  is on e l emen t  2 and  t h e  improvement over  t h e  

u n c o n t r o l l e d  beam is 9.10 which is s l i g h t l y  h i g h e r  t h a n  t h e  s t e e l  

beam case. Impor t an t  h e r e  t o  n o t e  t h a t  t h e  t h i c k n e s s  of t h e  

o p t i m a l  a c t u a t o r  is o n l y  h a l f  t h a t  r e q u i r e d  t o  c o n t r o l  t h e  s t e e l  

beam whereas  t h e  a p p l i e d  v o l t a g e  is of  t h e  same magnitude.  

The o p t i m a l  l i n e a r  and a n g u l a r  d e f l e c t i o n  p r o f i l e s  of t h e  

aluminum beam, which are  shovn i n  F i g u r e s  (12-a)  and (12-b) ,  are 

v e r y  s imi l a r  t o  t h o s e  of t h e  s teel  beam. However, t h e  magnitude 

of t h e s e  d e f l e c t i o n s  are  about  3 t i m e s  h i g h e r  t h a n  t h o s e  of t h e  

s t e e l  beam. T h i s  d i f f e r e n c e  is a t t r i b u t e d  main ly  t o  t h e  

d i f f e r e n c e  i n  Young's modulus of  e l a s t i c i t y  of  t h e  two 

materials.  
e 

D. E f f e c t  Of Ac tua to r  Material 

Two a c t u a t o r  m a t e r i a l s  are  c o n s i d e r e d  o t h e r  t h a n  t h e  PZT- 

ceramic a c t u a t o r s .  These  two materials are  : 

* 

j i )  G1278-Ceramic 

This t y p e  of a c t u a t o r ,  a s  i n d i c a t e d  i n  Tab le  (11, has  a b o u t  

h a l f  t h e  Young's modulus of e l a s t i c i t y  of t h e  PZT a c t u a t o r s  b u t  

a t  t h e  s a m e  t ime it  has  almost  t w i c e  as much t h e  cha rge  c o n s t a n t .  

These two f a c t o r  combined r e s u l t  i n  n e a r l y  t h e  same p iezo -  

e l ec t r i c  s t r e s s  and bending  moment. 

The o u t p u t  of t h e  o p t i m i z a t i o n  a l g o r i t h m  i n d i c a t e s ,  a s  

e x p e c t e d ,  t h a t  t h e  op t ima l  p a r a m e t e r s  of t h e  G1278 and PZT 
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Figure (12-a) - Effect of the placement strategy of a PZT 
actuator on the linear deflection characteristics 
Qf a simply-supported aluminum beam. 
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Figure (12-b) - Effect of the placement strategy of a PZT 
actuator on the angular deflection 
characteristics of a simply-supported aluminum 
beam. e 
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a c t u a t o r s  are n e a r l y  t h e  

c l e a r l y  emphasized i n  

- 
same as shown i n  Tab le  ( 2 1 ,  T h i 6  1s 

t h e  r e s u l t i n g  l i n e a r  and a n g u l a r  

d e f o r m a t i o n s  p r o f i l e s  of F igu re  (13 -a )  and (13-b)  r e s p e c t i v e l y .  

( i i )  KYnar-Polymeric 

A kynar  a c t u a t o r  is c o n s i d e r e d  as  a t y p i c a l  r e p r e s e n t a t i v e  

of t h e  p o l y m e r i c  p i e z o - e l e c t r i c  a c t u a t o r s .  T h i s  t y p e  of ac tua tors  

h a s  v e r y  low Young's modulus of e l a s t i c i t y  and a l s o  v e r y  s m a l l  

c h a r g e  c o n s t a n t .  Accordingly,  i t  would o n l y  be c a p a b l e  of 

produc ing  s m a l l  p i e z o - e l e c t r i c  moments u n l e s s  t h e  v o l t a g e  a p p l i e d  

a c r o s s  t h e  ac tua tor  is i n c r e a s e d  c o n s i d e r a b l y  t o  c o u n t e r  b a l a n c e  

t h e  low E and d paramete r s .  

C o n s i d e r i n g  t h i s  a c t u a t o r  on t h e  aluminum beam, t h e  

o p t i m i z a t i o n  r o u t i n e  i n d i c a t e s  t h a t  t h e  b e s t  r e s u l t s  are o b t a i n e d  

w i t h  a n  a c t u a t o r  p laced  a t  l o c a t i o n  2.  T h i s  a c t u a t o r  s h o u l d  be 

t w i c e  as  t h i c k  a s  t h e  opt imal  PZT a c t u a t o r  and shou ld  be e x c i t e d  

by a v o l t a g e  which is 2.5 t i m e s  as  h i g h .  With  t h e s e  o p t i m a l  

p a r a m e t e r s ,  t h e  o b t a i n e d  improvement is o n l y  2 .17  t i m e s  compared 

t o  9 . 1 0  t i m e s  for t h e  PZT a c t u a t o r s .  

F i g u r e s  (14-a) ,  (14-b) and  (14-c) d i s p l a y  t h e  i s o - c o n t o u r  

maps of t h e  d e f l e c t i o n  c r i t e r i o n  when t h e  kynar a c t u a t o r  is 

p l a c e d  a t  e l e m e n t  1, 2 or 3 r e s p e c t i v e l y .  These  f i gu res  emphasize 

t h e  r e s u l t s  of t h e  o p t i m i z a t i o n  r o u t i n e  as i t  can be s e e n  t h a t  

t h e  o p t i m a l  a c t u a t o r  pa rame te r s  t e n d  t o  move towards t h e  l a r g e  

t h i c k n e s s  a n d  l a r g e  v o l t a g e  c o n s t r a i n t  boundar i e s .  

F i g u r e s  (15-a) and (15-b) show t h e  l i n e a r  a n d  a n g u l a r  

0 
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Figure (13-a) - Effect of the placement strategy of a G1278 

actuator on t h e  linear deflection characteristics 
of a simply-supported aluminum beam. 
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Figure (13-b) - Effect of the placement strategy of a G1278 
actuator on the angular deflection 
characteristics of a simply-supported aluminum 
beam. 
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Figure (14) - Iso-contours of the deflection criterion of a 
simply-supported aluminum beam controlled with a 
kynar actuator. 
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Figure (15-a) - Effect of the placement strategy of a kynar 
actuator on the linear deflection characteristics 

, of a simply-supported aluminum beam. 
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Figure (15-b) - Effect of the placement strategy of a kynar 
actuator on the angular deflection 
characteristics of a simply-supported aluminum 
beam. 
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d e f o r m a t i o n s  r e s p e c t i v e l y  of t h e  aluminum beam. The o b t a i n e d  

r e s u l t s  i n d i c a t e  t h a t  t h e  o p t i m a l  d e f l e c t i o n s ,  w i t h  t h e  a c t u a t o r  

a t  2, are  a b o u t  4 t imes h i g h e r  t h a n  t h o s e  o b t a i n e d  w i t h  t h e  61278 

or P2T a c t u a t o r s .  

I t  shou ld  however be p o i n t e d  o u t  h e r e  t h a t  t h e  moxe 

e f f e c t i v e  d e f l e c t i o n  c o n t r o l  c o u l d  be o b t a i n e d  by t h e  kynar  

a c t u a t o r  i f  t h e  a p p l i e d  v o l t a g e  is i n c r e a s e d  beyond t h e  s e t  

l i m i t s  o f  t h e  c o n s t r a i n t s .  

CON CLUS I ON 8 
0 

0 

0 

0 

a 

T h i s  s t u d y  h a s  a d d r e s s e d  t h e  impor t an t  problems of o p t i m a l  

s e l e c t i o n ,  placement  a n d  c o n t r o l  of p i e z o - e l e c t r  ic a c t u a t o r s  i n  

order t o  minimize t h e  s t a t i c  d e f l e c t i o n  of e las t ic  beauts under  

d i f f e r e n t  l o a d i n g  c o n d i t i o n s .  Emphasis has  been p l a c e d  i n  t h i s  

s t u d y  o n  t h e  e f f e c t  t h a t  t h e  a c t u a t o r s  h a s  on changing  t h e  

e l a s t i c  and i n e r t i a l  p r o p e r t i e s  of t h e  s t r u c t u r a l  e lement  t o  

which t h e y  are bonded t o .  

The developed optimum d e s i g n  procedure  is a p p l i e d ,  w i t h  a 

large d e g r e e  of  f l e x i b i l i t y ,  t o  e las t ic  beam of  v a r i o u s  

c o n f i g u r a t i o n s  and s u b j e c t e d  t o  wide v a r i e t y  of e n d  c o n d i t i o n s .  

The o b t a i n e d  r e s u l t s  s u g g e s t  t h e  importance of t h e  deve loped  

s t r a t e g i e s  i n  c o n t r o l l i n g  t h e  s t r u c t u r a l  d e f o r m a t i o n s  of e l a s t i c  

s y s t e m s .  

F u r t h e r  work is i n  p r o g r e s s  to i n t e g r a t e  t h e  p r e s e n t e d  

p r o c e d u r e  i n t o  t h e  o p t i m a l  c o n t r o l  of t h e  dynamics of more 
e 
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complex s t r u c t u r e s .  
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